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研究ノート
なぜ細胞性粘菌の動きは微分方程式で表されるのか







Why the Motion of the Cellular Slime Molds 
Can be Expressed by PDEs ?
Yumi YAHAGI＊
The cellular slime molds perform the cell division when there exist full feed around them. In this 
situation, they keep the form as ameba. After they eat whole of feed in their surrounding, they fall into 
starvation.Then, they are gathering and take a form like a slug （the hunger state）. The Keller Segel system is 
the biological model which expresses the movement until the cellular slime molds fall in the hunger state and 
form an aggregate. Here, we reconsider the Keller-Segel system as a biological model, and express the motion 
of the cells from a probablistic point of view.
Keywords: The cellular slime molds, Keller-Segel system, probability theory
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σϧ͕ 1970೥୅ʹ Keller, Segel (1970) [3] ʹ
Αͬͯఏএ͞Ε, ݱࡏ͸ Keller-Segel ܥͱͯ͠
෯޿͘਺ֶऀʹΑͬͯݚڀ͕ͳ͞Ε͍ͯΔ.
ຊߘͰ͸, ୈ 2 ষͰࡉ๔ੑ೪ەʹ͍ͭͯͷ؆






͍. ͦ͜Ͱୈ 4 ষҎ߱Ͱ͸, ֬཰࿦త͋Δ͍͸
౷ܭֶత؍఺͔Β Keller-Segel ܥͷ࠶ߟΛࢼΈ
Δ. ୈ 4 ষͰ͸෺ମͷϥϯμϜͳಈ͖Λهड़͢








ͯٿܗͷմͱͳͬͨ ๔ࢠմ͕ ฑ ʹΑͬͯ࣋ͪ
্͛ΒΕͨ ࢠ࣮ମ Λܗ੒͢Δ͜ͱͰ͋Δ. ࢠ
࣮ମͷશ௕͸͓Αͦ 1ʙ5 mm Ͱ͋Δ.









Λܗ੒͢Δ. ͦͷͱ͖ʹαΠΫϦοΫ AMP ͱ
͍͏Խֶ෺࣭Λ෼ൻ͢Δ. ͜ͷԽֶ෺࣭ʹ༠Ҿ





ਤ 2 ࡉ๔ੑ೪ەͷϥΠϑαΠΫϧ [7]
2
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͸Bellomo et al. (2015) [1] ΍, Hillen, Painter
(2009) [2] ʹΑͬͯ෼ྨɾهࡌ͞Ε͍ͯΔ. ͜
͜Ͱ͸࠷΋γϯϓϧͰඪ४ܕͱ͞Ε, ੝Μʹݚ






= ∆u− a ∇ · (u∇v)
in Ω× (0,∞) · · · (1),
∂v
∂t
= ∆v − γv + αu







in ∂Ω× (0,∞) · · · (3),
u(x, 0) = u(x) ≥ 0, v(x, 0) = v(x) ≥ 0
in Ω · · · (4).
͜͜Ͱ a, α, γ ͸ਖ਼ͷఆ਺Ͱ͋Γ, Ω ⊂ RN ͸
׈Β͔ͳ༗քྖҬͰ͋Δ. u, v ͸Ґஔ x =
(x1, x2, · · · , xN ) ʹґଘ͠, ࣌ࠁ t ʹ͸ґଘ͠
ͳ͍ؔ਺Ͱ͋Δ. ղ u = u(x, t) ͱ v = v(x, t)
͸ͦΕͧΕҐஔ x = (x1, x2, · · · , xN ), ࣌ࠁ t
ʹ͓͚Δࡉ๔ੑ೪ەͷࡉ๔ີ౓ʢࡉ๔ͷ૯ݸମ
਺ʣ,ࡉ๔ੑ೪ە͕෼ൻ͢ΔԽֶ෺࣭αΠΫϦο





































, · · · , ∂u
∂xN
),
















= ∆u in Ω× (0,∞) (5)
ͱͳΓ, ͜Ε͸ ೤఻ಋํఔࣜ Ͱ͋Δʢ4.2, 4.3
ࢀরʣ. ೤఻ಋํఔࣜ͸֦ࢄํఔࣜͱ΋ݺ͹Ε,
࣌ؒͷܦաʹै͍,ฏ׈Խ࡞༻ [஫ 5]͕ಇ͘ʢਤ




= −a∇ · (u∇v) in Ω× (0,∞) (6)
ͱͳΓ, ͜Ε͸ྲྀମྗֶʹ͓͚ΔEulerͷ࿈ଓ
ͷࣜ Ͱ͋Δ. (6) ͸ࡉ๔ੑ೪ە͕଎౓ a∇v Ͱ
ಈ͘͜ͱΛҙຯ͠, ͜ΕʹΑΓूதݱ৅ʢࡉ๔
͕ू߹ͯ͠, φϝΫδͷΑ͏ͳू߹ମΛܗ੒͢
Δݱ৅ʣ͕ى͜Γ͏Δʢਤ 4ʣ. ͜ͷΑ͏ʹ (1)







= ∆v in Ω× (0,∞)
3
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= −γv in Ω× (0,∞) (7)
ͱͳΔ. (7) ͸, Խֶ෺࣭αΠΫϦοΫ AMP ͷ








࣍ʹ, (KS) ͷୈ̏ࣜ (3) ΛΈͯΈΑ͏. (3)
ࣜΛϊΠϚϯڥք৚݅ ·ͨ͸֬཰࿦తʹ͸൓
ࣹน৚݅ͱ͍͏. ͜Ε͸Ω ͷڥք ∂Ω Λ௨ͬͯ
ͷࡉ๔΍Խֶ෺࣭ͷग़ೖΓ͕ͳ͍͜ͱΛද͢.
ͳ͓, ϊΠϚϯڥք৚݅ (3) ʹΑΓ,∫
Ω




͕੒Γཱͭ. (8) ʹΑΓ, (KS) ͷղ u ͸࣭ྔอ
ଘଇΛ༗͢Δ. ͭ·Γ, ࡉ๔ੑ೪ەͷ૯ݸମ਺
͸࣌ؒʹґଘͤͣʹҰఆͰ͋Δ.
࠷ޙʹ, (KS)ͷୈ̐ࣜ (4) Λ ॳظ৚݅ ͱ͍
͍, ͜Ε͸, (KS) ͷղ u, v ͷ࣌ࠁ t = 0 Ͱͷ
ॳظঢ়ଶ͕ ͦΕͧΕ u(x), v(x) Ͱ༩͑ΒΕͯ
͍Δ͜ͱΛҙຯ͢Δ.
Ҏ্ͷཧ༝͔Β, (KS) ͱ͍͏ඍ෼ํఔ͕ࣜ





Α͏. ؆୯ͷͨΊʹ,ۭؒ࣍ݩΛ 1࣍ݩʢN = 1)
ͱ͢Δ. ͜ͷͱ͖, ࡉ๔ੑ೪ە͸։۠ؒ Ω ʢ༗
ݶͷ௕͞ͷ਑ۚʣ্Λಈ͘.
ྫ 1 (KS) ʹ͓͍ͯ, a = 1, α = 2, γ = 3,
Ω = (0, pi), u(x, 0) = u(x) = 3 − cos 2x,





ਤ 3. ྫ 1 ʹ͓͚Δ (KS) ͷղ u(x, t) ͷ਺
஋γϛϡϨʔγϣϯ (Yahagi (2016) [4])
ྫ 2 (KS) ʹ͓͍ͯ, a = 5
4
, α = 2, γ = 3,
Ω = (0, pi), u(x, 0) = u(x) = 3 − cos 2x,
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ਤ 4. ྫ 2 ʹ͓͚Δ (KS) ͷղ u(x, t) ͷ਺











ग़Δ໨ͱͯ͠ى͜Γ͏Δͷ͸, 1, 2, 3, 4, 5, 6ͷ
̒௨ΓͰ͋Δ. ͜ͷͱ͖, X = {1, 2, 3, 4, 5, 6}
Λ֬཰ม਺ͱ͍͏. ߗ՟౤͛ͷྫͰ͸,ද͕ग़Δ
͜ͱΛ 0 Ͱද͠, ཪ͕ग़Δ͜ͱΛ 1 Ͱද͢͜ͱ




ͷ͸, ͍͍ͤͥ௿ͯ͘΋ 50cm, ߴͯ͘΋ 250cm





͜͜Ͱ͸, ୈ 3 ষͰ΋঺հͨ͠೤఻ಋํఔࣜ











u(x, 0) = u(x)(≥ 0) in R,
(9)
Λߟ͑Α͏. ͜͜Ͱ, ղ u(x, t) ͸Ґஔ x, ࣌ࠁ





E(x− y, t) u(y) dy (10)



















2t u(y) dy = 0
ͱͳΓ, ͕࣌ؒे෼ʹܦա͢Ε͹, ෺ମͷԹ౓
u ͸Ґஔ x ʹΑΒͣʹ 0 ͱͳΔ͜ͱ͕ै͏
















ߗ՟Λ̍ճ౤͛ͯ, ද͕ग़Ε͹ 1 ΛՃ͑, ཪ
͕ग़Ε͹ 1 ΛҾ͘͜ͱͱ͢Δ. ͦͷૢ࡞Λ̍ඵ






͕ग़ͨΒ ak = 1, ཪ͕ग़ͨΒ ak = −1 ͱͯ͠












ͱ͢Δͱʢه߸ [a] ͸Ψ΢εه߸, ͭ·Γ, a Λ
௒͑ͳ͍࠷େͷ੔਺Λද͢ʣ,
B(x, t) = lim
n→∞Bn(x, t)
͸ʢ1࣍ݩʣ ඪ४ϒϥ΢ϯӡಈաఔ [஫ 8]
ͱͳΔ. ඪ४ϒϥ΢ϯӡಈաఔ B(x, t) ͸࿈
ଓܕͷ֬཰աఔͰ͋Δ. B(x, t)ͷ֬཰ີ౓ؔ਺
µB(x, t) ͸















ͷղͰ͋Δ. ·ͨ, ॳظ஋໰୊ (9)ͷղ (10)͸,
࣌ࠁ 0 ʹ͓͍ͯҐஔ x Λ௨Δඪ४ϒϥ΢ϯӡ
ಈ B(x, t) ͷฏۉͱͯ͠දݱ͞ΕΔ. ͢ͳΘͪ
u(x, t) = E[u(B(x, t))|B(x, 0) = x] (11)
͕੒Γཱͭ. ͜͜Ͱ, E ͸ظ଴஋Λද͢.
ਤ 5 ඪ४ϒϥ΢ϯӡಈաఔ {B(x, t) | B(x, 0)
= 0 } ͷ਺஋γϛϡϨʔγϣϯʢஶऀ࡞੒ʣ
4.4 ֬཰ඍ෼ํఔࣜ









Ͱ༩͑ΒΕ͍ͯΔͱ͢Δ. ͨͩ͠, a ͸ਖ਼ͷఆ
਺Ͱ, ग़ੜ཰Λද͢.
͜͜Ͱ, ग़ੜ཰͕ۮવͷ༳Β͔͗ΒӨڹΛ͏
͚Δͱ͖, ग़ੜ཰͸ ϗϫΠτϊΠζ ζ(t) [஫ 9]




= (a+ σζ)u(1− u),
ͭ·Γ, ֬཰ඍ෼ํఔࣜʹΑͬͯ,
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5 Keller-Segel ܥͱ֬཰աఔ
ୈ 3ষͰ, Keller-Segel ܥ (KS) ͷੜ෺Ϟσ




1 ࣍ݩͱ͠, Ω× (0, T ) ্ͷ (KS) ͷղΛ (u, v)




(X(s), s) χΩ(X(s)) ds
+
√





2 χΩ(Y (s)) dB + dϕ2(s),
Y (t) = x.
(13)
͜͜Ͱ χΩ(·) ͸ࢦࣔؔ਺, ͭ·Γ
χΩ(z) =
{
1 (z ∈ Ω)
0 (z /∈ Ω),
Ͱ͋Γ, B ͸ϒϥ΢ϯӡಈաఔ, ϕ1(s) , ϕ2(s)
͸ͦΕͧΕ֬཰աఔ {X(s)} , {Y (s)} ͕ڥք
∂Ω Ͱ൓ࣹڥքͱͳΔہॴ࣌ؒͰ͋Δ. ͜ͷͱ








(X(τ),τ) dτ |X(t) = x],
(14)




αu(Y (s), s)e−γ(t−s) ds| Y (t) = x].
(15)
͜͜Ͱ, E ͸ظ଴஋Λද͢. ࣜ (14), (15) ͸
Keller-Segel ܥͷղ u, v ͕ u, v ͱॳظ஋ؔ਺
u, v ͓Αͼ, ֬཰աఔ X(t), Y (t) ͨͪΛ༻͍ͨ
ࣜͷظ଴஋Ͱද͞ΕΔ͜ͱΛҙຯ͢Δ.ݴ͍׵












αu(Y (s), s)e−γ(t−s) ds
ͷฏۉͰදݱ͞ΕΔͷͰ͋Δ.
্Ͱ༩͑ͨ֬཰ඍ෼ํఔࣜ (12), (13) ʹ͍ͭ
ͯߟ࡯ͯ͠ΈΑ͏. ୈ 3 ষͰ঺հͨ͠Α͏ʹ,







ΑΓಋ͔ΕΔ. ·ͨ, (13) ͸֬཰աఔ Y (s) ͕
ϒϥ΢ϯӡಈաఔͱಉ༷ͷಈ͖Λ͢Δ͜ͱΛҙ















































[஫ 4] Խֶ෺࣭ͷೱ౓ޯ഑ʹ൓Ԡͯ͠, ࡉ๔͕Ҡಈ
͢Δੑ࣭Λ૸Խੑͱ͍͏.
[஫ 5] ฏΒʹ͢Δ͜ͱ.
[஫ 6] ຊߘʹ͓͚Δ (KS)ͷ৔߹͸, ࡉ๔͸Խֶ෺࣭
αΠΫϦοΫ AMPͷೱ౓ޯ഑ʹͷΈӨڹΛ
ड͚, ೱ౓ͷߴ͞΍௿͞ʹӨڹ͞Εͳ͍.ɹ
[஫ 7] ྫ͑͹, ೤͍ҿΈ෺Λങͬͯ΋͕࣌ؒͨͯ͹
ྫྷͨ͘ͳΔ.
[஫ 8] ඪ४ϒϥ΢ϯӡಈ B(x, t) ͸࿈ଓͳՃ๏աఔ
Ͱ͋Γ, dB ͸ฏۉ 0, ෼ࢄ 1 ͷਖ਼ن෼෍ʹै
͏.
[஫ 9] ϗϫΠτϊΠζ ζ(t) ͸ʢඍ෼ՄೳͰͳ͍ʣϒ
ϥ΢ϯӡಈΛܗࣜతʹඍ෼ͨ͠΋ͷͰ͋Γ,
ζ(t) dt = dB(t) ͕੒Γཱͭ.
[஫ 10] ࡉ๔ੑ೪ەͱ͸ҟͳΔάϧʔϓͷ೪ەͰ͋
Δ.
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